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In this paper we nd a riterion for the Gauss map of an immersed smooth
submanifold in some Lie group with left invariant metri to be harmoni. Using
the obtained expression we prove some neessary and suient onditions for the
harmoniity of this map in the ase of totally geodesi submanifolds in Lie groups
admitting biinvariant metris. We show that, depending on the struture of the
tangent spae of a submanifold, the Gauss map an be harmoni in all biinvariant
metris or non-harmoni in some metri. For 2-step nilpotent groups we prove that
the Gauss map of a geodesi is harmoni if and only if it is onstant.
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1 Introdution
It is proved in [9℄ that the Gauss map of a submanifold in the Eulidean spae
is harmoni if and only if the mean urvature eld of this submanifold is parallel.
There is a natural generalization of the Gauss map to submanifolds in Lie groups:
for eah point of a submanifold the tangent spae at this point is translated to the
identity element of the group (for the preise statement see Setion 2). Let the
Lie group be endowed with some left invariant metri. As it is proved in [4℄, when
this metri is biinvariant and the submanifold is hypersurfae, the Gauss map is
harmoni if and only if the mean urvature is onstant. Our aim is to onsider
more general ase of a submanifold in some Lie group with arbitrary odimension.
The paper is organized as follows. In Setion 2 we obtain the harmoniity
riterion for the Gauss map of a submanifold in some Lie group with a left invari-
ant metri. This riterion is given in the terms of the seond fundamental form
of the immersion and the left invariant Riemannian onnetion on the Lie group
(Theorem 1).
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In Setion 3 we onsider submanifolds in Lie groups with biinvariant metri.
Let us introdue some notation. Let N be a Lie group with biinvariant metri, N
the Lie algebra of N , M a smooth immersed totally geodesi submanifold in N .
Taking if neessary the left translation ofM assume that e ∈M (see Setion 3 for
details). The tangent spae TeM is a Lie triple system in N . Denote by N the
Lie subalgebra TeM + [TeM,TeM ] of N . By W denote the orthogonal projetion
of TeM to the semisimple Lie subalgebra N
′
= [N ,N ].
The subspae W =W ∩ [W,W] is an ideal (here by ideals we mean ideals in
N ). Denote by V the orthogonal omplement in N
′
to W. Let V =
⊕
16l6m
Sl be
some diret orthogonal deomposition of V into simple ideals. Using Theorem 1
we prove
Theorem 3. Let M be a smooth immersed totally geodesi submanifold in a Lie
group N with biinvariant metri. Then
(i). if the restrition of the metri to V is a negative multiple of the Killing form
(in partiular, if V is simple), then the Gauss map of M in this metri is
harmoni;
(ii). if W ∩ V =
⊕
16l6m
Wl, where Wl ⊂ Sl is a proper Lie triple system in Sl,
i.e., Wl 6= 0 and Wl 6= Sl for eah 1 6 l 6 m (in partiular, if V = 0), then
the Gauss map of M is harmoni in any biinvariant metri on N ;
(iii). if the ondition of (ii) is not satised, then there is a biinvariant metri on
N suh that the Gauss map of M is not harmoni.
In the paper [8℄ we onsidered hypersurfaes in 2-step nilpotent Lie groups
and found onditions for the Gauss maps of suh hypersurfaes to be harmoni.
In partiular, we showed that, unlike the ase of groups with biinvariant metri,
this harmoniity is not equivalent to the onstany of the mean urvature. As
it was shown in [2℄, totally geodesi submanifolds in suh groups either have the
Gauss map of maximal rank or are open subsets of subgroups (and onsequently
have the onstant Gauss map). In the latter ase the struture of subalgebras
orresponding to suh subgroups an be expliitly desribed (this desription im-
plies, in partiular, that there are not totally geodesi hypersurfaes in 2-step
nilpotent Lie groups, see [2℄). Using our riterion, we prove in Setion 4 that the
Gauss map of a geodesi in a 2-step nilpotent Lie group is harmoni if and only
if is onstant (Proposition 4).
The author would thank prof. A. A. Borisenko and prof. L. A. Masal'tsev for
their attention to this work and many useful remarks. Also the author is grateful
to the reviewer for essential improvement of both the results and the presentation
of the paper.
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2 The Harmoniity Criterion
Suppose M is a smooth manifold, dimM = n, M → N is an immersion of
M in some Lie group N with left invariant metri, dimN = n + q. For some
point p of M let Y1, . . . , Yn and Yn+1, . . . , Yn+q be orthonormal frames of tangent
spae TpM ⊂ TpN and of normal spae NpM ⊂ TpN , respetively. Also by Ya,
1 6 a 6 n+ q, denote the orresponding left invariant elds on N .
Denote the left invariant metri on N (and also the orresponding inner prod-
ut on its Lie algebra) by 〈·, ·〉, the Riemannian onnetion of this metri by ∇, its
urvature tensor by R(·, ·)·, and the normal onnetion of the immersion M → N
by ∇⊥.
Let E1, . . . En+q be vetor elds dened on some neighborhood U of p suh
that Ei(p) = Yi, E1, . . . , En and En+1, . . . , En+q are orthonormal frames of the
tangent and the normal bundles of M on U , respetively, and (∇EiEj)
T (p) = 0,
for all 1 6 i, j 6 n. Then the mean urvature eld H of the immersion is dened
on U by
H = 1
n
∑
16i6n
(∇EiEi)
⊥ .
(1)
Here (·)T and (·)⊥ are the projetions to the tangent bundle TM and the normal
bundle NM , respetively.
For 1 6 i, j 6 n, n+1 6 α 6 n+q by bαij = 〈∇EiEj, Eα〉 denote the oeients
of the seond fundamental form of the immersion on U with respet to the frame
E1, . . . , En+q . Suppose that on U for 1 6 a 6 n+ q
Ea =
∑
16b6n+q
AbaYb.
(2)
Here {Aba}16a,b6n+q are funtions on U . Obviously, A
b
a(p) = δab, where δab is the
Kroneker symbol.
Let ∆ be the Laplaian ∆M of the indued metri onM . The denition of the
Laplaian and the onditions (∇EiEj)
T (p) = 0 imply that for funtions f and g
dened on U
∆f(p) =
∑
16i6n
EiEi(f),
(3)
∆(fg)(p) = g(p)∆f(p) + 2
∑
16i6n
Ei(f)Ei(g) + f(p)∆g(p).
(4)
Let Φ be the Gauss map of M :
Φ: M → G(n, q); Φ(p) = dLp−1(TpM). (5)
Here G(n, q) is the Grassmannian of n-dimensional subspaes in n+q-dimensional
vetor spae, a point p is identied with its image under the immersion, Lg is the
left translation by g ∈M , dF is the dierential of a map F .
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Reall that if (M1, g1) and (M2, g2) are smooth Riemannian manifolds, then
for any φ ∈ C∞(M1,M2) the energy of φ is
E(φ) = 12
∫
M1
∑
16i6m
g2(dφ(Ei), dφ(Ei))dVM ,
where m = dimM1, E1, . . . , Em is the orthonormal frame on M1, dVM is the
volume form of g1. The ritial points of the funtional φ 7→ E(φ) are alled
harmoni maps from M1 to M2. We say that a map is harmoni at some point
if the orresponding Euler-Lagrange equations are satised at this point (i.e., the
so-alled tension eld vanishes, see, for example, [10℄).
Theorem 1. The map Φ is harmoni at p if and only if∑
16i6n
〈R(Yj, Yi)Yi, Yα〉 −
∑
16i6n
〈∇(∇YiYi)
Yj, Yα〉+ 〈[nH, Yj ], Yα〉
+2
∑
16i,k6n
bαik〈∇YiYk, Yj〉+ 2
∑
16i6n,n+16γ6n+q
bγij〈∇YiYγ , Yα〉
−
∑
16i6n
〈(∇YiYj)
T , (∇YiYα)
T 〉+
∑
16i6n
〈(∇YiYj)
⊥ , (∇YiYα)
⊥〉 = 0
(6)
for all 1 6 j 6 n, n+ 1 6 α 6 n+ q.
P r o o f. The Grassmannian has the struture of the symmetri spae G(n, q) =
O(n + q)/ (O(n)×O(q)). There is an embedding of this spae in the spae of
symmetri matries of order n+ q onsidered with the obvious Eulidean metri
([5℄). This embedding is indued by the map A 7→ AEAt, where A ∈ O(n + q),
At is A transposed, and
E =
(
− q
n+qIn 0
0 n
n+qIq
)
.
Here In and Iq are the identity matries of order n and q, respetively. The
image of Φ on U orresponds to the matrix A = (Aba)16a,b6n+q, where A
b
a are
the funtions from (2). The omposition of Φ and the embedding gives the map
dened on U by
− q
n+qIn +
( ∑
n+16γ6n+q
AjγAkγ
) ( ∑
n+16γ6n+q
AjγA
β
γ
)
( ∑
n+16γ6n+q
AαγA
k
γ
)
n
n+q Iq −
( ∑
16l6n
Aαl A
β
l
)
 , (7)
where 1 6 j, k 6 n, n+ 1 6 α, β 6 n+ q. Dierentiate Ea with respet to Ei on
U for 1 6 a 6 n+ q, 1 6 i 6 n:
∇EiEa =
∑
16b6n+q
Ei(A
b
a)Yb +
∑
16b6n+q
Aba∇EiYb.
(8)
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In partiular, at p
∇YiEa =
∑
16b6n+q
Ei(A
b
a)Yb +∇YiYa.
(9)
Note that Ei(A
b
a) = −Ei(A
a
b ) (this an be derived from (9) or simply from the
fat that so(n+ q) is the algebra of skew-symmetri matries).
Aording to Theorem (2.22) in Chapter 4 of [10℄, the riterion of the har-
moniity of Φ is the set of equations
∆Φab −
( ∑
16i6n
B(dΦ(Ei), dΦ(Ei))
)a
b
= 0.
(10)
Here 1 6 a 6 b 6 n + q, Φab are the oordinate funtions of the embed-
ding, and B is the seond fundamental form of the embedding2. The elds
{ ∂
∂A
j
α
}16j6n,n+16α6n+q form the frame of TG(n, q) on the image of U (note that
∂
∂Aαj
= − ∂
∂A
j
α
). Denote by Cab for 1 6 a 6 b 6 n+q the matrix with the entry 1 at
the intersetion of a−th row and b−th olumn and with other entries equal to 0.
The dierential of the embedding at p maps the eld ∂
∂A
j
α
to the vetor Cjα. It fol-
lows that we an take as a frame of the normal spae of the Grassmannian at the
image of this point the vetors Cij , 1 6 i 6 j 6 n and C
α
β , n+1 6 α 6 β 6 n+ q.
The expressions (7) imply on U for 1 6 l 6 m 6 n, n+ 1 6 γ 6 κ 6 n+ q(
∂
∂A
j
α
)l
m
= δljA
m
α + δmjA
l
α,
(
∂
∂A
j
α
)γ
κ
= δγαA
κ
j + δκαA
γ
j .
Dierentiate these equations:
B
(
∂
∂A
j
α
, ∂
∂Ak
β
)
=
∑
16l6m6n
∂
∂Ak
β
(
∂
∂A
j
α
)l
m
C lm
+
∑
n+16γ6κ6n+q
∂
∂Ak
β
(
∂
∂A
j
α
)γ
κ
Cγκ = δαβ(1 + δjk)C
j
k − δjk(1 + δαβ)C
α
β .
for 1 6 j 6 k 6 n, n+ 1 6 α 6 β 6 n+ q. Also note that
dΦ(Ei) =
∑
16j6n,n+16α6n+q
Ei(A
j
α)
∂
∂A
j
α
.
This implies that at p for 1 6 j 6 k 6 n the expressions in (10) take the form
∆
(
− q
n+qδjk +
∑
n+16γ6n+q
AjγAkγ
)
−
( ∑
16i6n
B(dΦ(Ei), dΦ(Ei))
)j
k
= 2
∑
16i6n,n+16γ6n+q
Ei(A
j
γ)Ei(A
k
γ)− 2
∑
16i6n,n+16γ6n+q
Ei(A
j
γ)Ei(A
k
γ) = 0.
2
Atually, the sign of B in [10℄ is dierent beause the Laplaian in this book is dened with
the opposite sign.
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Here the equation (4) was used. Similarly, for n+ 1 6 α 6 β 6 n+ q obtain
∆
(
n
n+q δαβ −
∑
16l6n
Aαl A
β
l
)
−
( ∑
16i6n
B(dΦ(Ei), dΦ(Ei))
)α
β
= −2
∑
16i,l6n
Ei(A
α
l )Ei(A
β
l ) + 2
∑
16i,l6n
Ei(A
α
l )Ei(A
β
l ) = 0.
It follows that the onditions (10) at p beome
∆
( ∑
n+16γ6n+q
AjγA
β
γ
)
= 0
for 1 6 j 6 n, n+ 1 6 β 6 n+ q. The dierentiation gives
∆Ajα + 2
∑
16i6n,n+16γ6n+q
Ei(A
j
γ)Ei(A
α
γ ) = 0;
1 6 j 6 n, n+ 1 6 α 6 n+ q.
(11)
Dierentiate (8) with respet to Ei on U for n+ 1 6 a = α 6 n+ q:
∇Ei∇EiEα =
∑
16j6n
EiEi(A
j
α)Yj +
∑
n+16β6n+q
EiEi(A
β
α)Yβ
+2
∑
16j6n
Ei(A
j
α)∇EiYj + 2
∑
n+16β6n+q
Ei(A
β
α)∇EiYβ
+
∑
16j6n
Ajα∇Ei∇EiYj +
∑
n+16β6n+q
Aβα∇Ei∇EiYβ.
(12)
Take the inner produt of (12) with Yj at p:
EiEi(A
j
α) = 〈∇Ei∇EiEα, Yj〉 − 2
∑
16k6n
Ei(A
k
α)〈∇EiYk, Yj〉
−2
∑
n+16γ6n+q
Ei(A
γ
α)〈∇EiYγ , Yj〉 − 〈∇Ei∇EiYα, Yj〉.
Therefore (11) takes the form∑
16i6n
〈∇Ei∇EiEα, Yj〉 − 2
∑
16i,k6n
Ei(A
k
α)〈∇EiYk, Yj〉
−2
∑
16i6n,n+16γ6n+q
Ei(A
γ
α)〈∇EiYγ , Yj〉 −
∑
16i6n
〈∇Ei∇EiYα, Yj〉
+2
∑
16i6n,n+16γ6n+q
Ei(A
j
γ)Ei(A
α
γ ) = 0.
(13)
Here (3) was used. The denition (1) of the mean urvature eld implies for
6
1 6 j 6 n, n+ 1 6 α 6 n+ q at p
〈∇Yj(nH), Yα〉 =
∑
16i6n
〈∇Ej
(
(∇EiEi)
⊥
)
, Eα〉 =
∑
16i6n
〈∇Ej∇EiEi, Eα〉
−
∑
16i6n
〈∇Ej
(
(∇EiEi)
T
)
, Eα〉 =
∑
16i6n
〈R(Ej , Ei)Ei +∇Ei∇EjEi
+∇[Ej,Ei]Ei, Eα〉 −
∑
16i6n
Ej〈(∇EiEi)
T , Eα〉+
∑
16i6n
〈(∇EiEi)
T ,∇EjEα〉
=
∑
16i6n
〈R(Yj, Yi)Yi, Yα〉+
∑
16i6n
〈∇Ei∇EjEi, Eα〉 =
∑
16i6n
〈R(Yj, Yi)Yi, Yα〉
+
∑
16i6n
〈∇Ei [Ej , Ei], Eα〉+
∑
16i6n
〈∇Ei∇EiEj, Eα〉 =
∑
16i6n
〈R(Yj , Yi)Yi, Yα〉
+
∑
16i6n
Ei〈[Ej , Ei], Eα〉 −
∑
16i6n
〈[Ej , Ei],∇EiEα〉+
∑
16i6n
〈∇Ei∇EiEj , Eα〉
=
∑
16i6n
〈R(Yj , Yi)Yi, Yα〉+
∑
16i6n
〈∇Ei∇EiEj, Eα〉.
In the third equality the denition of the urvature tensor was used. The fourth
equality follows from the Frobenius theorem, the ondition (∇EiEj)
T (p) = 0, and
its onsequene
[Ek, Ei](p) = ([Ek, Ei])
T (p) = (∇EkEi −∇EiEk)
T (p) = 0.
Dierentiate two times the expression 〈Ej , Eα〉 = 0 with respet to Ei:
〈∇Ei∇EiEj , Eα〉+ 2〈∇EiEj ,∇EiEα〉+ 〈Ej ,∇Ei∇EiEα〉 = 0.
This equation and (9) imply
〈∇Yj (nH), Yα〉 =
∑
16i6n
〈R(Yj , Yi)Yi, Yα〉 − 2
∑
16i6n
〈∇EiEj,∇EiEα〉
−
∑
16i6n
〈Ej ,∇Ei∇EiEα〉 =
∑
16i6n
〈R(Yj , Yi)Yi, Yα〉
−2
∑
16i6n,n+16γ6n+q
bγij (Ei(A
γ
α) + 〈∇YiYα, Yγ〉)−
∑
16i6n
〈Ej ,∇Ei∇EiEα〉.
From (9) and the ondition (∇EiEj)
T (p) = 0 obtain
bγij = Ei(A
γ
j ) + 〈∇YiYj, Yγ〉, (14)
0 = Ei(A
k
j ) + 〈∇YiYj , Yk〉. (15)
Hene at p
〈∇Yj (nH), Yα〉 =
∑
16i6n
〈R(Yj, Yi)Yi, Yα〉
+2
∑
16i6n,n+16γ6n+q
bγij〈∇YiYγ , Yα〉
−2
∑
16i6n,n+16γ6n+q
〈∇YiYj, Yγ〉Ei(A
γ
α)
−
∑
16i6n
〈Ej ,∇Ei∇EiEα〉 − 2
∑
16i6n,n+16γ6n+q
Ei(A
γ
j )Ei(A
γ
α).
(16)
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The equation (14) implies∑
16i,k6n
Ei(A
k
α)〈∇EiYk, Yj〉 = −
∑
16i,k6n
Ei(A
α
k )〈∇EiYk, Yj〉
= −
∑
16i,k6n
bαik〈∇YiYk, Yj〉+
∑
16i,k6n
〈∇YiYk, Yα〉〈∇YiYk, Yj〉.
Note that for eah pair of left invariant elds X and Y the produt 〈X,Y 〉 is
onstant, hene,
〈∇ZX,Y 〉 = Z (〈X,Y 〉)− 〈X,∇ZY 〉 = −〈X,∇ZY 〉 (17)
for every vetor Z. This and the fat that the frame is orthonormal imply∑
16i,k6n
〈∇YiYk, Yα〉〈∇YiYk, Yj〉 =
∑
16i,k6n
〈∇YiYj, Yk〉〈∇YiYα, Yk〉
=
∑
16i6n
〈(∇YiYj)
T , (∇YiYα)
T 〉.
Thus, ∑
16i,k6n
Ei(A
k
α)〈∇EiYk, Yj〉 = −
∑
16i,k6n
bαik〈∇YiYk, Yj〉
+
∑
16i6n
〈(∇YiYj)
T , (∇YiYα)
T 〉.
(18)
Substituting (16) in (13) and taking into aount (18) derive the onditions∑
16i6n
〈R(Yj, Yi)Yi, Yα〉 − 〈∇Yj (nH), Yα〉+ 2
∑
16i,k6n
bαik〈∇YiYk, Yj〉
+2
∑
16i6n,n+16γ6n+q
bγij〈∇YiYγ , Yα〉 −
∑
16i6n
〈∇Ei∇EiYα, Yj〉
−2
∑
16i6n
〈(∇YiYj)
T , (∇YiYα)
T 〉 = 0.
(19)
At p for 1 6 i, j 6 n, n+ 1 6 α 6 n+ q obtain
〈∇Ei∇EiYα, Yj〉 = 〈∇Ei
( ∑
16a6n+q
Aai∇YaYα
)
, Yj〉 =
∑
16k6n
Ei(A
k
i )〈∇YkYα, Yj〉
+
∑
n+16γ6n+q
Ei(A
γ
i )〈∇YγYα, Yj〉+ 〈∇Yi∇YiYα, Yj〉.
Substitute into this (14) and (15) and use the denition of the mean urvature
〈nH,Eγ〉 =
∑
16i6n
bγii. Then use (17):∑
16i6n
〈∇Ei∇EiYα, Yj〉 = −
∑
16i6n,16a6n+q
〈∇YiYi, Ya〉〈∇YaYα, Yj〉
+
∑
n+16γ6n+q
〈nH, Yγ〉〈∇YγYα, Yj〉+
∑
16i6n
〈∇Yi∇YiYα, Yj〉
=
∑
16i6n,16a6n+q
〈∇YiYi, Ya〉〈∇YaYj, Yα〉
−
∑
n+16γ6n+q
〈nH, Yγ〉〈∇YγYj, Yα〉 −
∑
16i6n
〈∇YiYj,∇YiYα〉.
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The frame is orthonormal, hene,∑
16i6n
〈∇Ei∇EiYα, Yj〉 =
∑
16i6n
〈∇(∇YiYi)
Yj , Yα〉
−〈∇(nH)Yj, Yα〉 −
∑
16i6n
〈∇YiYj,∇YiYα〉.
(20)
Substitute (20) in (19) and obtain (6).
Note that the Gauss map of a Lie subgroup is onstant, therefore harmoni.
If N is the Eulidean spae En+q, then the urvature tensor vanishes. For any
vetor eld X and for left invariant (i.e., onstant) Y the derivatives ∇XY also
vanish. This yields that the onditions (6) take the form 〈∇Yj (nH), Yα〉 = 0 for
1 6 j 6 n, n+1 6 α 6 n+ q, i.e., ∇⊥H = 0, and we obtain the above-mentioned
lassial result of [9℄.
The denition of the seond fundamental form and the fat that the frame is
orthonormal allow us to rewrite (6) in the form∑
16i6n
〈R(Yj , Yi)Yi, Yα〉 −
∑
16i6n
〈∇(∇YiYi)
Yj , Yα〉+ 〈[nH, Yj ], Yα〉
−2
∑
16i6n
〈∇
(∇YiYj)
TEi, Y
α〉 − 2
∑
16i6n,
〈(∇YiEj)
⊥ , (∇YiYα)
⊥〉
−
∑
16i6n
〈(∇YiYj)
T , (∇YiYα)
T 〉+
∑
16i6n
〈(∇YiYj)
⊥ , (∇YiYα)
⊥〉 = 0.
(21)
Note that these expressions do not depend on the partiular hoie of E1, . . . , En.
The summands in (6) that do not inlude the oeients of the seond fun-
damental form and the mean urvature eld an be rewritten:∑
16i6n
〈R(Yj , Yi)Yi, Yα〉 −
∑
16i6n
〈∇(∇YiYi)
Yj , Yα〉
−
∑
16i6n
〈(∇YiYj)
T , (∇YiYα)
T 〉+
∑
16i6n
〈(∇YiYj)
⊥ , (∇YiYα)
⊥〉
=
∑
16i6n
〈∇Yj∇YiYi −∇(∇YiYi)
Yj −∇Yi∇YjYi −∇[Yj,Yi]Yi
+∇Yi
(
∇YjYi + [Yi, Yj]
)T
−∇Yi
(
∇YjYi + [Yi, Yj ]
)⊥
, Yα〉
=
∑
16i6n
〈[Yj ,∇YiYi]−∇Yi∇YjYi −∇[Yj,Yi]Yi +∇Yi [Yj , Yi]
+∇Yi
(
∇YjYi + 2[Yi, Yj ]
)T
−∇Yi
(
∇YjYi
)⊥
, Yα〉
=
∑
16i6n
〈[Yj,∇YiYi] + [Yi, [Yj , Yi]] + 2∇Yi
(
([Yi, Yj ])
T −
(
∇YjYi
)⊥)
, Yα〉.
In partiular, a totally geodesi submanifold M has the harmoni Gauss map at
p if and only if∑
16i6n
(
[Yj,∇YiYi] + [Yi, [Yj , Yi]] + 2∇Yi
(
([Yi, Yj ])
T −
(
∇YjYi
)⊥))⊥
= 0
(22)
for all 1 6 j 6 n.
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3 Lie Groups with Biinvariant Metri
In this setion we onsider a Lie group N with some biinvariant metri. The
onditions from Theorem 1 in this partiular ase are relatively simple:
Proposition 2. The Gauss map of a smooth submanifold M in the Lie group N
with biinvariant metri 〈·, ·〉 is harmoni at a point p ∈ M if and only if, in the
above notation,
〈[nH, Yj], Yα〉+
∑
16i6n,n+16γ6n+q
bγij〈[Yi, Yγ ], Yα〉
+12
∑
16i6n
〈[Yi, Yj ]
⊥, [Yi, Yα]⊥〉 = 0
(23)
for 1 6 j 6 n, n+ 1 6 α 6 n+ q.
P r o o f. Reall that the left invariant metri 〈·, ·〉 is biinvariant if and only if
〈[X,Y ], Z〉 = 〈X, [Y,Z]〉 for all left invariant X, Y , and Z. Also, ∇XY =
1
2 [X,Y ].
In partiular, ∇XY = −∇YX and ∇XX = 0. This, together with the symmetry
of the seond fundamental form, implies
∑
16i,k6n
bαik〈∇YiYk, Yj〉 = 0. The urvature
tensor is dened by the equation R(X,Y )Z = −14 [[X,Y ], Z]. Thus,
−
∑
16i6n
〈(∇YiYj)
T , (∇YiYα)
T 〉+
∑
16i6n
〈(∇YiYj)
⊥ , (∇YiYα)
⊥〉
= −14
∑
16i6n
〈[Yi, Yj]
T , [Yi, Yα]
T 〉+ 14
∑
16i6n
〈[Yi, Yj]
⊥, [Yi, Yα]⊥〉
= −14
∑
16i6n
〈[Yi, Yj], [Yi, Yα]〉+
1
2
∑
16i6n
〈[Yi, Yj ]
⊥, [Yi, Yα]⊥〉
=
∑
16i6n
〈R(Yi, Yj), Yi), Yα〉+
1
2
∑
16i6n
〈[Yi, Yj ]
⊥, [Yi, Yα]⊥〉.
Substitute this in (6) and obtain (23).
If q = 1 (i.e., M is a hypersurfae), then 〈[Yi, Yn+1], Yn+1〉 = 〈Yi, [Yn+1, Yn+1]〉
vanishes for all 1 6 i 6 n, i.e., [Yi, Yn+1]
⊥ = 0. It follows that (23) gives the
onditions Yj(nH) = 0, where H is the mean urvature funtion. This implies
the result from [4℄ ited in the introdution.
Denote by N the Lie algebra of N . It is well-known (see, for example, [7℄,
Lemma 7.5), that N is ompat, i.e., N = Z ⊕ N ′, where the diret sum is
orthogonal, Z is abelian, andN ′ = [N ,N ] is semisimple with the negative denite
Killing form.
Let M be totally geodesi submanifold of N , Ψ: M → N the orresponding
immersion, and p an arbitrary point ofM . Consider the immersion Ψ′ = LΨ(p)−1 ◦
Ψ: M → N . The image Ψ′(p) oinides with the identity element e of the group.
The Gauss map of this immersion maps eah point r ∈M to the subspae Φ′(r) =
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dLΨ′(p)−1 ◦ dΨ
′(TrM) = dLΨ(p)−1 ◦ dΨ(TrM) = Φ(r), i.e., the Gauss maps of
two immersions are the same. Left translations are isometries of N , hene Ψ′
is also totally geodesi. Thus we an assume without loss of generality that
Ψ(p) = e. Then the tangent spae TeM is a Lie triple system in N (see, for
example, [6℄, Theorem 4.3 of Chapter XI). The subspae N = TeM +[TeM,TeM ]
is a ompat Lie subalgebra, therefore it has an orthogonal diret deomposition
N = Z⊕N
′
with abelian Z and semisimpleN
′
= [N ,N ]. Take the deomposition
Ya = Xa + Za for 1 6 a 6 n + q1, where Xa ∈ N
′
, Za ∈ Z, dimN = n + q1.
Then for 1 6 a, b 6 n + q1 the Lie braket [Ya, Yb] = [Xa,Xb]. Denote by W
the subspae spanned by X1, . . . ,Xn (i.e., the orthogonal projetion of TeM to
N
′
). It is a Lie triple system in N
′
, and N
′
= W + [W,W]. The intersetion
W =W ∩ [W,W] is an ideal (from this point on by ideals we mean ideals in N ).
The Lie algebra N
′
is semisimple, onsequently the orthogonal omplement V to
W is an ideal and equals an orthogonal diret sum
⊕
16l6m
Sl of simple ideals Sl.
Theorem 3. Let M be a smooth immersed totally geodesi submanifold in a Lie
group N with biinvariant metri. Then
(i). if the restrition of the metri to V is a negative multiple of the Killing form
(in partiular, if V is simple), then the Gauss map of M in this metri is
harmoni;
(ii). if W ∩ V =
⊕
16l6m
Wl, where Wl ⊂ Sl is a proper Lie triple system in Sl,
i.e., Wl 6= 0 and Wl 6= Sl for eah 1 6 l 6 m (in partiular, if V = 0), then
the Gauss map of M is harmoni in any biinvariant metri on N ;
(iii). if the ondition of (ii) is not satised, then there is a biinvariant metri on
N suh that the Gauss map of M is not harmoni.
P r o o f. The onditions (23) for 1 6 j 6 n, n+ 1 6 α 6 n+ q take the form∑
16i6n
〈[Yi, Yj ]
⊥, [Yi, Yα]⊥〉 = 0.
(24)
Also note that ∑
16i6n
〈[Yi, Yj ]
T , [Yi, Yα]
T 〉+
∑
16i6n
〈[Yi, Yj ]
⊥, [Yi, Yα]⊥〉
=
∑
16i6n
〈[Yi, Yj ], [Yi, Yα]〉 =
∑
16i6n
〈[[Yi, Yj], Yi], Yα〉 = 0
sine the tangent spae TeM is a Lie triple system. Hene the onditions (24) are
equivalent to ∑
16i6n
〈[Yi, Yj ]
T , [Yi, Yα]
T 〉 = 0.
(25)
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Note that (24) and (25) an also be obtained diretly from (22) using the fat
that TeM is a Lie triple system and the expression for the invariant Riemannian
onnetion.
The ideal W is semisimple, hene W = [W ,W ] and
W = [W ,W] = [W, [W ,W ]] ⊂ [W, [W,W]] = [TeM, [TeM,TeM ]] ⊂ TeM.
This implies that we an hoose a frame of TeM suh that Yi = Xi ∈ W for
1 6 i 6 n1, where 0 6 n1 6 n, and Yi = Xi + Zi with Xi ∈ W˜ = W ∩ V and
Z ∈ Z for n1 + 1 6 i 6 n. For 1 6 j 6 n1 the equations in (24) beome∑
16i6n
〈[Yi, Yj]
⊥, [Yi, Yα]⊥〉 =
∑
16i6n1
〈[Yi, Yj ]
⊥, [Yi, Yα]⊥〉 = 0
beause [Yi, Yj] ∈ TeM for 1 6 i 6 n1. This yields that for showing harmoniity
or non-harmoniity of the Gauss map at the point it sues to hek (24) or (25)
for n1 + 1 6 j 6 n.
The subspae W˜ is a Lie triple system in a semisimple Lie algebra V, and V =
W˜+[W˜, W˜ ]. Moreover, W˜∩ [W˜ , W˜] = 0 beause V is a diret omplement toW∩
[W,W]. For eah 1 6 l 6 m the restrition of the inner produt to Sl is equal to
the Killing form multiplied by a negative onstant: 〈X,Y 〉 = λl Tr(adX◦ad Y ) for
X,Y ∈ Sl, λl < 0 (See [7℄, Lemma 7.6). Here by adX we mean the restrition of
the adjoint representation operator to the orresponding simple ideal. Denote by
Pl the orthogonal projetion to Sl, then 〈X,Y 〉 =
∑
16l6m
λl Tr(adPl(X)◦ad Pl(Y ))
for X,Y ∈ V.
For eah 1 6 l 6 m the operator Pl is a Lie algebra homomorphism, therefore
Pl([W˜ , W˜]) = [Pl(W˜), Pl(W˜)] and
Sl = Pl(V) = Pl(W˜ + [W˜, W˜ ]) = Pl(W˜) + [Pl(W˜), Pl(W˜)].
The intersetion Pl(W˜) ∩ [Pl(W˜), Pl(W˜)] is an ideal in simple Sl. Hene either
Pl(W˜)∩[Pl(W˜), Pl(W˜)] = 0 or Sl = Pl(W˜) = [Pl(W˜), Pl(W˜)]. In the rst ase the
operators adX for X ∈ Pl(W˜) map Pl(W˜) to [Pl(W˜), Pl(W˜)] and [Pl(W˜), Pl(W˜)]
to Pl(W˜). The operators adY for Y ∈ [Pl(W˜), Pl(W˜)] map the subspaes Pl(W˜)
and [Pl(W˜), Pl(W˜)] to themselves. It follows that 〈Pl(W˜), [Pl(W˜), Pl(W˜)]〉 = 0.
If the restrition of the metri to V is a negative multiple of the Killing form
(the ase of (i)), then the same argument shows that 〈W˜ , [W˜ , W˜]〉 = 0.
Consider the ase Pl(W˜) ∩ [Pl(W˜), Pl(W˜)] = 0 for all 1 6 l 6 m. We proved
that 〈Pl(W˜), [Pl(W˜), Pl(W˜)]〉 = 0 for all l, thus 〈W˜, [W˜ , W˜ ]〉 = 0. For eah
1 6 l 6 m denote Pl(W˜) by Wl. Then 〈Wl, [W˜ , W˜]〉 = 〈Wl, [Wl,Wl]〉 = 0,
hene Wl is ontained in the orthogonal omplement of [W˜ , W˜], i.e., in W˜; and
12
W˜ =
⊕
16l6m
Wl. Subspaes Wl are Lie triple systems, Wl 6= 0 beause in the
opposite ase [Wl,Wl] = 0 and Sl = 0. It ontradits the fat that Sl is simple. If
Wl = Sl, then Wl = [Wl,Wl] beause Sl is simple, a ontradition. It follows that
Wl 6= Sl. This is the ase of (ii). It is easy to see also that the ondition in (ii)
implies Pl(W˜) ∩ [Pl(W˜), Pl(W˜)] = 0 for all 1 6 l 6 m. In fat, if W˜ =
⊕
16l6m
Wl
with Wl ⊂ Sl, then Pl(W˜) = Wl, [Pl(W˜), Pl(W˜)] = [Wl,Wl], therefore the ase
Sl = Pl(W˜) = [Pl(W˜), Pl(W˜)] is exluded by the ondition Wl 6= Sl.
Assume that 〈W˜ , [W˜ , W˜]〉 = 0. Take any n1 + 1 6 j 6 n. For 1 6 i 6 n1
[Yi, Yj] = 0 and for n1 + 1 6 i 6 n
[Yi, Yj ]
T =
∑
16k6n
〈[Yi, Yj ], Yk〉Yk =
∑
n1+16k6n
〈[Xi,Xj ],Xk〉Yk = 0
beause Xi ∈ W˜ for n1 + 1 6 i 6 n. This yields that (25) is satised. We proved
(i) and (ii).
Finally, in the ase (iii) there is 1 6 l0 6 m suh that Sl0 = Pl0(W˜) =
[Pl0(W˜), Pl0(W˜)]. Consider the new metri 〈·, ·〉
′
suh that it is equal to 〈·, ·〉 on
the orthogonal omplement to V and
〈X,Y 〉′ =
∑
16l6m
(−Tr(adPl(X) ◦ adPl(Y )))− λ
2 Tr(adPl0(X) ◦ adPl0(Y ))
for X,Y ∈ V, where λ 6= 0. It is a biinvariant metri. Denote −Tr(adPl0(X) ◦
adPl0(Y )) by 〈X,Y 〉
′′
.
The ideal Sl0 is not ontained in W˜ beause in the opposite ase it is ontained
also in W˜ ∩ [W˜ , W˜ ] = 0, a ontradition. It follows that there is a vetor Y
orthogonal to W˜ suh that Pl0(Y ) 6= 0. Then Sl0 = Pl0(W˜) implies that there is
a vetor X ∈ W˜ suh that Pl0(X) = Pl0(Y ). Note that Y is orthogonal to TeM .
We an onsider that the norm of Y equals 1. Choose an orthonormal frames of
TeM and NeM suh that Yj0 = X + Zj0 for some n1 + 1 6 j0 6 n and Yα0 = Y
for some n + 1 6 α0 6 n + q1. Then the disussion above implies that for any
n1 + 1 6 i 6 n in the new metri
[Yi, Yj0 ]
T =
∑
16k6n
〈[Yi, Yj0 ], Yk〉
′Yk =
∑
n1+16k6n
〈[Xi,X],Xk〉
′Yk
= λ2
∑
n1+16k6n
〈[Pl0(Xi), Pl0(X)], Pl0(Xk)〉
′′Yk
= −λ2
∑
n1+16k6n
〈[Pl0(Xi), Pl0(Xk)], Pl0(X)〉
′′Yk.
There is some n1 + 1 6 i 6 n suh that this expression does not vanish beause
Sl0 = [Pl0(W˜), Pl0(W˜)]. Similarly,
[Yi, Yα0 ]
T = −λ2
∑
n1+16k6n
〈[Pl0(Xi), Pl0(Xk)], Pl0(Y )〉
′′Yk.
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The expression in (25) for j = j0 and α = α0 thus beomes
λ4
∑
n1+16i,k6n
(〈[Pl0(Xi), Pl0(Xk)], Pl0(X)〉
′′)2 6= 0.
Therefore the Gauss map is not harmoni.
A Lie triple system U is reduible if U = U1⊕U2, where U1 and U2 are nonzero
Lie triple systems suh that [U1,U2] = 0, and is irreduible otherwise (see, for
example, Appendix 1 of [3℄). Theorem 3 then implies that if W˜ is irreduible and
V is not simple, then there is a biinvariant metri on N suh that the Gauss map
of M is not harmoni.
Consider an example. Let N be so(3) ⊕ so(3) with the orthogonal basis on-
sisting of the vetors e1, e2, e3, f1, f2, f3 with the nonzero brakets
[e1, e2] = −[e2, e1] = e3, [e2, e3] = −[e3, e2] = e1, [e3, e1] = −[e1, e3] = e2,
[f1, f2] = −[f2, f1] = f3, [f2, f3] = −[f3, f2] = f1, [f3, f1] = −[f1, f3] = f2.
Let W be the subspae spanned by e1 + f1, e2 − f2, and e3 + f3. Let M be
exp(W), hene TeM = W. The braket [W,W] is spanned by e1 − f1, e2 + f2,
and e3 − f3. It is easy to see that W is a Lie triple system. In our notation,
N = N = N
′
= V = W + [W,W]. The intersetion W = W ∩ [W,W] vanishes,
therefore W˜ = W. Choose a metri suh that 〈ei, ej〉 = δij and 〈fi, fj〉 = δija
2
,
where 0 < a 6= 1, then W and [W,W] are not orthogonal. The orthonormal
frames of the tangent and the normal spaes of M an be hosen in the following
way:
Y1 =
1√
1+a2
(e1 + f1), Y2 =
1√
1+a2
(e2 − f2), Y3 =
1√
1+a2
(e3 + f3),
Y4 =
√
1+a2
a
(
e1 −
1
a2
f1
)
, Y5 =
√
1+a2
a
(
e2 +
1
a2
f2
)
, Y6 =
√
1+a2
a
(
e3 −
1
a2
f3
)
.
Compute (25), e.g., for j = 1 and α = 4:∑
16i63
〈[Yi, Y1]
T , [Yi, Y4]
T 〉 = 1
a(1+a2)〈(−e3 + f3)
T ,
(
−e3 −
1
a2
f3
)T
〉
+ 1
a(1+a2)〈(e2 + f2)
T ,
(
e2 −
1
a2
f2
)T
〉 = −2(−1+a
2)
a(1+a2)2 +
2(1−a2)
a(1+a2)2 6= 0.
It follows that the Gauss map is not harmoni.
4 2-Step Nilpotent Groups and Geodesis
Reall that a Lie group N is 2-step nilpotent if and only if its Lie algebra N is 2-
step nilpotent, i.e., [N ,N ] 6= 0, [[N ,N ],N ] = 0. In other words, 0 6= [N ,N ] ⊂ Z,
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where Z is the enter of N . Consider a 2-step nilpotent Lie group N with left
invariant metri indued by an inner produt 〈·, ·〉 on N as above. Denote by V
the orthogonal omplement to Z in N . For eah Z ∈ Z dene a linear operator
J(Z) : V → V by 〈J(Z)X,Y 〉 = 〈[X,Y ], Z〉 for all X, Y from V. All J(Z) are
skew-symmetri. The group N and the Lie algebra N are alled nonsingular if
for eah Z 6= 0 the operator J(Z) is nondegenerate.
The left invariant Riemannian onnetion is dened by (see [1℄)
∇XY =
1
2 [X,Y ], X, Y ∈ V;
∇XZ = ∇ZX = −
1
2J(Z)X, X ∈ V, Z ∈ Z;
∇ZZ
∗ = 0, Z, Z∗ ∈ Z.
(26)
Let us investigate whether the Gauss map of a totally geodesi submanifold
M in N is harmoni. It was proved in [2℄ (Theorem (4.2)) that if N is sim-
ply onneted and nonsingular, then a totally geodesi submanifold of dimension
ngeqslant2 either have the Gauss map of maximal rank at any point or it is a left
translation of some open subset in a totally geodesi subgroup. The latter ase
takes plae for many lasses of submanifolds, for example, for all totally geodesi
M suh that dimM > dimZ in 2-step nilpotent groups N with dimN > 3 (see
[2℄, Corollary (5.6)). The struture of the orresponding subgroups (or their Lie
algebras) is also desribed in [2℄ (and allows to prove, for example, that there are
no totally geodesi hypersurfaes in nonsingular 2-step nilpotent Lie groups, see
[2℄, Corollary (5.8)). Anyway, in this ase the Gauss map is onstant, thus har-
moni. Therefore it sues to onsider the ase of the Gauss map with maximal
rank.
For n = dimM = 1, i.e., for geodesis, the answer is given by the next
statement:
Proposition 4. A smooth geodesi in 2-step nilpotent group has the harmoni
Gauss map if and only if it is a left translation of some one-parameter subgroup.
P r o o f. The "if" part is lear, let us prove the "only if" part. Taking if neessary
a left translation we an think that our geodesi ontains the identity e of N
(similarly to the disussion in the previous setion). Deompose its tangent vetor
at e as X + Z, where X ∈ V and Z ∈ Z. The ondition (22) with n = 1, j = 1,
and Y1 = X + Z beomes
0 =
(
[X + Z,−J(Z)X] + 2∇X+Z (J(Z)X)
⊥
)⊥
=
(
[J(Z)X,X] + [X,J(Z)X] − J(Z)2X
)⊥
= −
(
J(Z)2X
)⊥
.
Here we used the denition of 2-step nilpotent Lie algebra, the equations (26),
and the fat that 〈J(Z)X,X + Z〉 = 〈J(Z)X,X〉 = 0 beause J(Z) is skew-
symmetri, therefore (J(Z)X)⊥ = J(Z)X. The onditions mean J(Z)2X =
15
λ(X + Z), where λ ∈ R. Thus λZ = 0, hene Z = 0 or λ = 0, in any ase
J(Z)2X = 0. This yields 0 = 〈J(Z)2X,X〉 = −|J(Z)X|2, therefore J(Z)X
vanishes. Then Proposition (3.5) of [1℄ implies that the geodesi is dened by the
formula exp(t(X + Z)). This gives us the desired result.
Atually, the proof implies that the geodesi is a left translation of one-
parameter subgroup if the Gauss map is harmoni only at some point. Anyway,
it follows that for n = 1 the Gauss maps of maximal rank are not harmoni. It is
interesting to hek whether the similar statement is true for other values of n.
Referenes
[1℄ P. B. Eberlein. Geometry of 2-step nilpotent groups with a left invariant
metri. Ann. Si.

Eole Norm. Sup. (1994), v. 27, p. 611-660
[2℄ P. B. Eberlein. Geometry of 2-step nilpotent groups with a left invariant
metri. II. Trans. Amer. Math. So. (1994), v. 343, p. 805-828
[3℄ P. B. Eberlein. Riemannian submersions and latties in 2-step nilpotent Lie
groups. Comm. Analysis and Geom. (2003), v. 11, p. 441-488
[4℄ N. do Espirito-Santo, S. Fornari, K. Frensel, J. Ripoll. Constant mean ur-
vature hypersurfaes in a Lie group with a bi-invariant metri. Manusripta
Math. (2003), v. 111, p. 459-470
[5℄ S. Kobayashi. Isometri imbeddings of ompat symmetri spaes. Tohoku
Math. J. (1968), v. 20, p. 21-25
[6℄ S. Kobayashi, K. Nomizu. Foundations of dierential geometry. Vol. II. In-
tersiene Publishers John Wiley & Sons. New York (1969). xv+470 p.
[7℄ J. Milnor. Curvatures of left invariant metris on Lie groups. Advanes in
Math. (1976), v. 21, p. 293-329
[8℄ Ye. V. Petrov. The Gauss map of hypersurfaes in 2-step nilpotent Lie
groups. Journ. of Math. Phys., An., Geom. (2006), v. 2, No. 2, p. 186-206;
arXiv:0803.2214 [math.DG℄
[9℄ E. A. Ruh, J. Vilms. The tension eld of the Gauss map. Trans. Amer. Math.
So. (1970), v. 149, p. 569-573
[10℄ H. Urakawa. Calulus of variations and harmoni maps. Amerian Mathe-
matial Soiety. Providene (1993). xiv+251 p.
16
